The major semiaxes of the planets in our Solar System obey a simple geometric progression known as the Titius-Bode Relation (TBR), whose physical origin remains disputed. It has been shown that the exoplanetary systems follow a similar (but not identical) progression of the form a n = a 0 e bn , where a 0 , b are constants to be determined for each system. Since its formulation, the Titius-Bode Relation has proved to be highly predictive in our Solar System. Using data from 27 exoplanetary systems with 5 or more planets and applying a proposed method, we conclude that reliable TB-like fits can be obtained for systems with at least 4 planets and that the precision of the TBR is 78%. By means of a statistical test we show that the periods of planets in real exoplanetary systems are not consistent with a random distribution. Rather, they show signs that their configuration is shaped by their mutual interactions.
Introduction
Although the Titius-Bode law has now been known for over 200 years (see Nieto & Ter Haar 1972 , for a historical account), its physical basis remains largely unclear. While some argue that it is entirely coincidental, others attribute it to the physical conditions in the initial proto-planetary disk (Graner & Dubrulle 1994) (Hayes & Tremaine 1998) (Isaacman & Sagan 1977) or to a dynamical relaxation process (Dermott 1968 ) (Dermott 1969) (Hills 1970 ) (Neslušan 2004) (Ovenden 1975 ). The TB "law "is not really a law in the physical sense, but rather a numerical relation. However, since the term "Titius-Bode law"has been widely adopted throughout the years, we will use "TB law"and "TB relation"interchangeably.
In its classical form, the Titius-Bode (TB) law states that the major semiaxes a (measured in AU) of the planets in our Solar System obey a simple geometric progression of the form: a n = 0.4 + 0.3 × 2 n ,
where the index n is −∞ for Mercury, 0 for Venus, 1 for the Earth, etc. Interestingly, the major satellites of Jupiter, Saturn, and Uranus obey a similar (but not identical) progression, known as Dermott's law (Dermott 1968 , Dermott 1969 ). Dermott's law is a relation between the orbital periods of the satellites and takes the form:
where p 0 and k are constants to be determined for each system, and n is 0 for the innermost satellite, 1 for the next satellite, etc. For Keplerian orbits, a system obeying Dermott's law will obey a similar law for the major semiaxes: a n = a 0 × C n ,
a n = a 0 e bn ,
where a 0 is the major semiaxis of the planet nearest to the star and n = 0, 1, ....
As shown by Poveda & Lara (2008) , the period distribution of the planets in the Solar System and 55 Cancri can be described by equation 4. According to these authors, the quality of the fit provided by equation 4 is poorer than that provided by the TB relation (Eq.
1) for the inner seven planets, but better for Neptune. The fact that the planets in the Solar System and the exoplanetary systems follow a similar structural law does suggest that such laws are more than mere coincidences. Lara, Poveda, & Allen (2012) and Poveda & Lara (2008) have shown that exoplanetary systems, like the Solar System itself, follow a Titius-Bode relation. Historically the relation was used as a guide for discovering planets in the Solar System (Nieto & Ter Haar 1972) ;
hence we propose that it could be a good guide to discover additional exoplanets. Bovaird & Lineweaver (2013) , using a sample of 68 exoplanetary systems with at least 4 planets (both confirmed and candidates), showed that the TB relation can be useful for making predictions about the periods and positions of exoplanets. To do this, they inserted some vacancies and found that the best fit was the one with the highest γ, where γ is a measure of the improvement in the χ 2 /(degrees of freedom) per inserted planet. In addition, to assess the completeness of their systems (including the inserted vacancies) they used a dynamical spacing ∆ (an estimate of the stability of adjacent planets). They concluded that the TB relation can be useful to find new planets in exoplanetary systems.
The purpose of this article is to test the predictive capacity of the TB relation using a kind of "trick". Our sample contains 27 confirmed exoplanetary systems with at least 5 members.
To test the TB relation we perform fits with the first 4 confirmed planets and test how well our method reproduces the periods of the other known members of the system. This idea is based on the historical discovery of Ceres, Uranus and Neptune, since the classical TB relation was able to predict them. In other words, we will test the TB relation using known planets; this approach is different from that of Bovaird & Lineweaver (2013) .
Method
Our hypothesis is that if we have at least 4 observed orbital periods of planets in an exoplanetary system, then the TB relation will be able to predict other planets. To test this hypothesis we use a sample containing all known extrasolar systems with 5 or more planets. For each system, we use the first four discovered planets to obtain a TB relation and to predict the periods of other possible planets. The results are compared with the real planet(s) discovered later. We do so in order to obtain a reliable assessment of the capacity of the TB relation to find new planets in exoplanetary systems. For extrasolar systems in which the planetary discoveries were reported on different dates, the chronology is clear, but for systems reported at the same time, we use the four smallest periods.
We had to decide the minimum number of planets that could be used to apply the TBR to predict new objects. We found that if we took 3 planets, the errors were very large (28-140%). The errors decreased appreciably using at least 4 planets (the error is calculated by ((p pred − p obs )/p obs ) × 100%, where p pred is the period calculated by the TB fit and p obs is the observable data). This is the reason for using at least 4 planets to find a reliable relation.
For systems with more than 5 planets we applied the method in the way we describe in the next paragraphs.
In this analysis we will use orbital periods instead major semiaxes to avoid the error introduced by the uncertain distance and mass of the primary star, so that
where n is the number in ascending order of the planets in a planetary system, p 0 and b are constants to be determined from the fits, and p n are the observed periods.
To apply our method we need a fit that can be used as a reference. We used the fit to the planets of the Solar System done by Titius, who postulated that there was an unoccupied space (a vacancy) between Mars and Jupiter. This way of treating the data proved to be a good method to predict new planetary bodies. So first, we made a fit similar to the Titius law, that is, we fitted equation 5 to Mercury, Venus, Earth, Mars, Jupiter, Saturn and the vacancy between Mars and Jupiter. The coefficient of correlation we obtain is 0.9920. The relationship found predicted the periods of Ceres, Uranus and Neptune with errors of 17%, 32% and 24%, respectively ( Figure 1 ). We assumed then that in the case of exoplanets the vacancies found could represent places where planets, asteroids or belts of minor planets may exist.
To show that this method is a good approach to predict the existence of possible planets in other planetary systems, we used the 27 known systems with 5 or more exoplanets and proceeded as follows: we considered the first four discovered planets of each of the systems in our sample and we fit an exponential TB relation (Equation 5) assuming no vacancies. If that fit did not result in a correlation coefficient of R 2 = 0.9920 or greater, a series of fits were made introducing vacancies between planets and considering that the first observed planet always has n = 1. To do this, we tested all the combinations with one vacancy between planets; if one of these combinations with one vacancy fulfilled the criterion R 2 ≥ 0.9920, we tested all the possible combinations with two vacancies to check if there were other combinations that fulfilled the criterion. In all cases we found no fit with two vacancies that fulfilled the criterion R 2 ≥ 0.9920. In the cases where the criterion R 2 was not fulfilled with a one vacancy but with two vacancies, we tested all possible combinations with three vacancies to check whether another, better combination could be found. As in the previous case, the only fit that fulfilled the criterion was the one with two vacancies. This process was repeated when a better fit was obtained with three and four vacancies. It is important to note that in all the cases there was one and only one combination that fulfilled the criterion and it was the one with the smallest number of vacancies. In Figure 2 we show a flow graph our method. The number of possible combinations when vacancies are inserted is given by
We considered our method to be successful if:
1. The same vacancies remain over the iterations, and 2. The fit predicts the next discovered planet (s) with an error less than 32%.
The first condition gives us a confidence about the method because if the vacancies did not persist the method would not be useful. The second condition is mandatory to show that the method is actually useful to find real planets. Kepler-20, Kepler-11, Kepler-80, HD 219134, Trappist-1 and Kepler-90. In these planetary systems, the vacancies we found coincided with planets that were later detected. In the next paragraphs we describe in detail 7 cases, as examples.
Kepler-102 was one of the exoplanetary systems where the predictive capacity of the TBR was very clear. In this case the vacancy generated by our method coincided with the orbital period of the later found planet (Kepler-102 f) with an error of 10.43%. In addition, when we applied the method to all observed planets no further vacancies were found.
For Kepler-20, the fit for the first four planets showed 2 vacancies that would correspond to planets with periods of 21.75 and 40.29 days. These periods coincide with the periods of the planets Kepler-20f and Kepler-20g with errors of 11.08% and 15.31%, respectively. When the fit was made with 5 observed planets, we obtained a vacancy that coincided with the period of the later found planet (Kepler-20g) with an error of 12%.
Before December 2017, Kepler-90 had 7 known planets. The fit with the first four planets gave three vacancies. Even though none of them matched the other three observed planets, when the TB relation was extrapolated we found the periods of another three planets, later discovered (Kepler-90f, g and h), with errors of 14.3%, 5.8% and 4.3%, respectively. If we use 5 planets for the fit, the previous three vacancies remain, and the next 2 extrapolated planets coincide with the orbital periods of Kepler-90g and h with errors of 1.7% and 3.6%. Repeating the method using six planets for the fit, the vacancies remain and the extrapolated planet coincides with Kepler-90h with an error of 3.6%. The TB relation indicated that they were 3 putative objects to be discovered in this planetary system. In december 2017, the discovery of Kepler-90i was reported (Shaullue & Vanderburg (2018)).
It coincides with one of the vacancies that we found, with an error of 6.0 %. When we use these eight observed planets the other two vacancies remain. This supports the existence of two possible planetary bodies in the two vacancies ( Figure 3 ).
The exoplanetary system Trappist-1 contains 7 planets. Using planets b, c, d and e, for the fit, the result did not show vacancies, but when extrapolated, the relation showed 3 further orbitals, which coincide with Trappist-1 f, g and h with errors of 8.42%, 29.3% and 27.8%, respectively. When the first 5 planets were taken for the fit, no vacancies appeared, but when extrapolated, 2 orbital spaces were obtained coinciding with the g and h planets with errors of 21.20% and 17.85%, respectively. The fit using 6 observed planets predicted an orbital period of 20.73 days that coincided with the orbital period of We found that the same vacancies persisted in all cases, which strengthens our conclusion.
All the previous examples show that the TB relation can be used as a guide for further detections. The predicted periods and their errors are displayed in Table 1 . The variables Fig. 3 . Method applied to the planetary system Kepler-90. Asterisks denote the planets used for the fit, and circles the vacancies. (a) Fit using the first four known planets. Note the vacancies at n = 3, 4 and 5, and the extrapolation to n = 8, 9 and 10, which coincides with the most external planets. (b) Fit using the first five known planets. Note that the vacancies at n = 3, 4 and 5 remain as well as the extrapolations. (c) Fit using the first six known planets. Vacancies and extrapolations remain. (d) and (e) Fits using 7 and 8 planets. As in the other cases, the vacancies are conserved. In addition, the vacancy at n = 3 coincides with Kepler-90i. p 0 , b, R 2 are defined as in equation 5. On average, a percentage error of 9.84% between the predictions and the observed planets was found for the 21 systems studied (Table 1 ). It is interesting that when fits were made with all the observed planets, the number of vacancies persisted, so we expect that they indicate a possible future discovery of a planet, a minor planet or an asteroid belt.
The remaining 6 systems were unsuccessful cases because the vacancies did not persist, that is, when we used different numbers of planets for the fit, different vacancies showed up. In addition, the systems Kepler-122 and HD 10180 showed errors greater than 30%. The predictions for these cases are shown in Table 2 .
Predictions of planets according the TB relation
There are 74 planetary systems with 4 or more planets (see Tables 3 and 4 ). Among these, 47 planetary systems harbor 4 planets, 18 systems have 5 planets, 7 planetary systems have 6 planets, 1 planetary system contains 7 planets and 1 planetary system contains 8 planets.
All these planets have been confirmed. In this sample, 14 systems were detected by the radial velocity technique, 59 systems by transits, and 1 by direct imaging.
This study has shown that the vacancies indicated by the TB relation may be predictions of bodies in planetary systems. Note that they may be planets, asteroids or groups of small objects. As we mentioned previously, the TBR has an acceptable predictive capacity when using at least 4 planets. So, we applied the TBR to the 74 planetary systems with 4 or more planets, and we found that 25 planetary systems did not present vacancies, 14 systems showed 1 vacancy, 26 planetary systems had 2 vacancies, 7 systems had 3 vacancies and 2 systems showed 4 vacancies (Tables 3 & 4). Tables 3 and 4 show the values of p 0 and b (see equation 5) for all the systems, as well as their correlation coefficients R 2 and their χ 2 .
Recently Kipping (2018) applied a different Titius-Bode-type relation to the exoplanetary system Trappist-1 which gave as a prediction a planet Trappist-1i with a period of 25.345 or 28.699 days, a prediction that is similar to ours (30.08 days). If this prediction is confirmed by future observations the reliability of our method will be increased.
As was shown by the results of our method applied to systems with 5 or more planets, it is possible to suggest that extrapolations of the fits are able to predict new planets, but it is not possible to say how many planets could be found by extrapolating. For this reason, and to be conservative, the numbers of the previous paragraph consider only vacancies but not extrapolations, although some extrapolations could be useful.
Statistical Analysis
In order to assess the statistical significance of our results, we performed a series of fits on randomly generated artificial systems. We generated 900 random systems, namely 300 systems with five, six and seven planets, respectively. Each of the sets of 300 systems for five, six or seven planets was generated with a uniform distribution of periods for 100 systems, an exponentially increasing distribution for the second 100 systems and an exponentially decreasing distribution for the last 100 systems. We considered only periods between 1 and 100 days to reflect the observed period distribution of the great majority of exoplanets ( Figure 4 ).
We applied our method to each one of the 900 random systems in exactly the same way as we did for the real systems. The results are shown in Table 5 . We found that in all of the artificially generated sets there were fewer successful cases than unsuccessful ones, which is contrary to what we found for the real systems. In addition, the larger the number of planets the fewer successful cases were found. This is just the opposite to what we found applying our method to the real systems. In particular, we expected that random systems with an exponentially increasing distribution of periods (a TB-like distribution, similar to that of real systems) would favor successful cases; in fact these showed results worse than those for systems with an exponentially decreasing period distribution.
From these tests we can conclude that the real exoplanetary systems that satisfy the TB relation are systems whose periods do not stem from a random distribution. Moreover, these results indicate that the configurations of real planetary systems reflect the fact that the bodies in them are not independent, but rather they are influenced by the presence of the other bodies in the system. Thus, their relative positions are either a consequence of the formation mechanism or due to mutual interactions. Indeed, we obtain a precision of only 26% when we draw the planets (independently) from an exponentially increasing distribution, as compared with a precision of 72% for the real systems. Hence, the predictions of our method should be reliable.
Discussion
Among the 27 systems with 5 or more planets (Tables 1 and 2 ) , we found our method to be successful for 21 systems. We found a total of 32 conserved vacancies. Hence, we posit that these vacancies predict the periods of as yet undiscovered objects. Among the remaining 6 systems studied, the vacancies were not conserved. However, we must take into account that the fits depend on the determination of the orbital elements and the errors associated with the observations. An example that shows that the fits depend on the quality of the data can be found in Poveda & Lara (2008) and Lara, Poveda, & Allen (2012) . In their 2008 work, an orbital period of 2.817 days for 55 Cancri-e was used, and a vacancy at n = 5 with an orbital period of 1130 days was predicted. Dawson & Fabricky (2010) reported a correction to the orbital period of 55 Cancri-e. With this new datum, Lara, Poveda, & Allen (2012) predicted two vacancies at n = 2 (3.038 days) and n = 6 (1103.64 days). This example shows that vacancies may change as better periods are obtained. In addition, we note that as the determination of periods improves, our method becomes more successful.
As we just mentioned, our method was successful for 21 exoplanetary systems. The average error between the observed planets and the predictions was 9.84%. The best case was Kepler-296, with an error of 0.63%. Among the successful cases, the worst was Trappist-1, with an error of 29.49% when four planets were used. However, when more planets were considered the errors decreased to 1.93%. In general, the errors decreased when using more planets in the fit, with the exception of GJ 667C, HD 34445, Kepler-11 and Kepler-80, where the predicted error in the period of a planet increased by 0.97% on average.The least successful example was Kepler 150, for which 9 vacancies were predicted, but only 3 were conserved.
To assess the goodness of the fits, we calculated the χ 2 for all the possible combinations between planets and vacancies (8th column in Tables 1 and 2). We noticed that when our criterion (R 2 = 0.9920) was fulfilled, the χ 2 was a minimum.
According to Bovaird & Lineweaver (2013) , the more compact exoplanetary systems are, the better they are described by a TB relation. Following this idea, we assessed whether or not the success of a system depended on its compactness. To do this, we calculated the difference of the periods between contiguous planets ( Figure 5 ). This is a measure of how far planets are from each other. Figure 5 , shows that there is no evident difference between the successful cases ( Figure 5 a) and the unsuccessful cases ( Figure 5 b) , that is, the success of the TB relation is not affected by the compactness of the system.
According to the results of the previous section, the more compact systems simulated by random systems with an exponentially decreasing distribution of periods show a larger number of successes than the other cases. This may be due to the fact that the periods (and thus the physical spacing of the planets) are so small that they approximately follow a linear relation, which makes it easier to obtain good fits. For non-compact, (i.e., physically larger systems with larger periods), the fits are worse than for compact systems. Bovaird & Lineweaver (2013) found a similar result. In conclusion, Table 5 shows that the distribution of periods of the real systems is not random, and thus it does not resemble that of the random systems with which we compared it. Although our sample still has a small number of systems, we can conclude that the TB relation, together with our criterion, is able to predict new planets with a precision of 78%.
This percentage could increase when more and better data become available. For now, it is likely that the 32 vacancies found in the 21 successful systems correspond to real bodies (planets, asteroids or belts). In fact, from the moment that we started to analyze these systems (Poveda & Lara 2008) to the present, oth the increase of available and better data have improved the precision of our method; indeed, it has increased from 56% to 78%.
Applying our method to the 74 systems with 4 planets or more, we found 95 vacancies (Tables 3 and 4 ). These may be bodies that have not yet been discovered because of detection limits. We can estimate the mass of the predicted objects by means of the minimum planetary mass detectable (depending on the detection technique and program). Figure 9 .14 of Rauer and Erikson (Dvorak (2008) ) shows the limits of detection of masses and distances of planets from the parent star depending on the observation method. For the exoplanetary systems detected by transits, we found that the vacancies could indicate planets with masses similar to Mercury and Ceres, but they could also be a set of objects similar to our main asteroid belt. In general, the radial velocity method finds planets more massive than the transit method. So, in the systems detected by radial velocity, the objects predicted by the vacancies should have masses smaller than 5 terrestrial masses.
Using our predicted data, we can analyze how feasible it is that these bodies could be stable in their corresponding locations in exoplanetary systems. For this purpose we can use the dynamic spacing criterion ∆ which is defined based on the radius of the planets (equation 7). This criterion was calculated by Gladman, B. (1993) and Chambers, Wetherill & Boss (1996) . They mention that, as a result of orbital simulations of multiple systems, two contiguous planets become unstable when ∆ < 10. Using this criterion, we calculated ∆ for all systems with known planetary masses, a total of 17 systems. We used the criterion both for the observed planets and for the observed planets plus the vacancies predicted by the TB relation. For the vacancies, we used a threshold mass according to the detection method for each system. ∆ = 2(M * ) 1/3 (p 2/3 2 − p 2/3 1 ) (p 2/3 2 + p 2/3 1 )(m 1 + m 2 ) 1/3
We found that when ∆ is calculated using only the observed planets, the number of pairs of planets with ∆ > 10 is greater than that found when the vacancies predicted by TB were included. However, we noted that when we applied this criterion to the Solar System we found for Ceres and Jupiter a ∆ less than 10, suggesting that they are unstable. However
Jupiter and Ceres are actually stable because they are in resonance with other bodies. The same is likely to be true for some exoplanetary systems, because we found that when vacancies are considered the number of planets and vacancies with ∆ < 10 increases as compared to the case with no vacancies (see Figure 6 ). However, the number of resonances between planets does increase when vacancies are considered. Hence, the existence of objects in the vacancies would imply stability due to resonances. To finish this section, we want to emphasize that the aim of this paper has been to assess the capability of the TB relation to predict bodies not yet discovered in exoplanetary systems.
To test the robustness of our results, we applied our method to 900 randomly generated artificial systems, as described in Section 5. According to Table 5 , the artificial systems showed fewer successes than the real systems. In addition, the systems ones with a larger number of exoplanets showed fewer successes, which is contrary to what we found for the real systems. This is a further indication that the distribution of periods of the real systems does not stem from a random distribution.
Habitable Zone
In order to verify whether some of the bodies predicted by our method can be habitable planets we used the conservative definition of the Habitable Zone of Kasting et al. 1993 .
With the luminosity of the primary star and its spectral type, we calculated the limits of the are systems with 4 observed planets, so our predictions have a precision of 78%. We note that Kepler-186 is one of our successful systems, so we think that our prediction has a high probability of being confirmed.
Conclusions
The TB relation has been controversial due to the lack of a physical explanation for it.
However, considering that the TB relation can be represented by equation 2, it turns out that all the known exoplanetary systems follow such a relation. The usefulness of such a relation to predict new planets has not been quantitatively assessed until the present work.
We found that at least 4 observed planets are needed to obtain fits with an acceptable correlation coefficient and minimum errors. We also found that the more planets we use to fit the data, the greater will be the predictive capacity of the TB relation according to the proposed method. We found that the TB relation is able to predict new planetary bodies in a system with a precision of 78%. In other words, in 78 % of the cases the TB relation successfully predicted new planets, whereas in 22 % of the cases it failed. This can be compared with the rates we find when the planets are randomly (but independently) drawn from an exponentially increasing population, which are 26 % of successful cases and 74 % of failed cases. We interpret this as a consequence of the fact that true planets interact with each other. It is likely that with new and better data the TB success rate will increase.
In addition, we showed that real systems behave differently from randomly generated systems; for the comparison we used three different period distributions for the artificial systems. This means that the distribution of periods of the real systems does not stem from a random distribution, and it provides further evidence that the planets interact with each other.
According to our results, it is probable that Kepler-186 has a new planet or an asteroid belt within its habitable zone. Continued on next page 
